The canonical recursive Dyson-Schwinger equations for the three-gluon and ghost-gluon vertices are solved numerically. The employed truncation includes several previously neglected diagrams and includes back-coupling effects. We find an infrared finite ghost-gluon vertex and an infrared diverging three-gluon vertex. We also compare our results with those obtained in previous calculations, where bare vertices were used in the loop diagrams.
I. INTRODUCTION
In recent years many efforts have been undertaken to develop non-perturbative approaches to continuum Quantum Chromodynamics (QCD). Among these are variational approaches to Yang-Mills theory in Coulomb gauge which use Gaussian trial ansätze for the Yang-Mills vacuum wave functional [1] [2] [3] . The approach of Ref. [3] has given a decent description of the infrared sector of the theory yielding, among other things, an infrared divergent gluon energy [4] , a perimeter law for the 't Hooft loop [5] (both are manifestations of confinement), a color dielectric function of the Yang-Mills vacuum in accord with the dual superconductor picture of the QCD vacuum [6] , and a critical temperature of the deconfinement phase transition in the right ballpark (of about 275 MeV) [7, 8] . Furthermore, the obtained static gluon propagator is in satisfactory agreement with the lattice data [9] , both in the infrared and in the ultraviolet, but misses some strength in the mid-momentum regime. Preliminary studies of Ref. [10] show that the missing strength can be attributed to the absence of non-Gaussian terms in the trial Yang-Mills vacuum wave functional ignored in previous considerations.
In Ref. [10] a general variational approach to quantum field theories was developed, which is capable of using non-Gaussian trial wave functionals. The crucial point in this approach was to realize that once the vacuum wave functional is written as the exponential of some action functional given by polynomials of the fields whose coefficients are treated as variational kernels, one can exploit Dyson-Schwinger equation techniques to express the various vacuum expectation values of the fields (viz. propagators and vertices) and, in particular, the vacuum expectation value of the Hamiltonian in terms of the variational kernels. In this way the variational approach can be carried out for non-Gaussian vacuum wave functionals. In Ref. [10] the approach was worked out for pure Yang-Mills theory using an ansatz for the vacuum wave functional which contains up to fourth-order polynomials in the gauge field, see Eqs. (6) and (8) below. In particular, the corresponding Dyson-Schwinger equations for the propagators and leading vertices were derived. In the present paper we solve the resulting Dyson-Schwinger equations for the ghost-gluon and three-gluon vertices.
The organization of the paper is as follows: In Sec. 2 we briefly review the essential ingredients of the approach of Ref. [10] . In Sec. 3 we present the Dyson-Schwinger equations for the ghost-gluon and three-gluon vertices. The numerical solutions of these equations are presented in Sec. 4. Our conclusions are given in Sec. 5. The Appendix contains some explicit expressions for the integral kernels.
II. HAMILTONIAN APPROACH TO YANG-MILLS THEORY
The Hamiltonian approach to Yang-Mills theory rests upon the canonically quantized theory in the temporal (Weyl) gauge, A a 0 = 0. As a consequence of this gauge, Gauss's law does not show up in the Heisenberg equations of motion but has to be imposed as a constraint on the wave functional, which in the absence of matter fields guarantees its gauge invariance. Furthermore, this gauge does not fix the gauge completely but still leaves invariance with respect to time-independent gauge transformations. mediating a two-body interaction between colour charges. One ends with a theory defined entirely in terms of the transverse gauge field. In this theory the vacuum expectation value (VEV) of an operator K[A] depending on the transverse gauge field A is given by
where Ψ [A] is the vacuum wave functional, and J A = Det(G
−1
A ) is the Faddeev-Popov determinant of Coulomb gauge with
being the Faddeev-Popov operator. In Eq. (2) g is the coupling constant and f acb are the structure constants of the su(N c ) algebra. The functional integration in Eq. (1) runs over transverse field configurations ∂ i A a i = 0 and is, strictly speaking, restricted to the first Gribov region.
In the following we use a compact notation in which a numerical index stands for the continuous spatial coordinate as well as for the discrete indices (colour and, possibly, Lorentz), e.g. A(1) ≡ A a1 i1 (x 1 ). A repeated label implies summation over the discrete indices and integration over the coordinates.
In this work we focus our attention on the Yang-Mills three-point functions, namely the ghost-gluon and the three-gluon vertex. The full ghost-gluon vertex Γ is defined by
Here, G A is the inverse Faddeev-Popov operator [see Eq. (2)], and G and D are, respectively, the ghost propagator
and the gluon propagator
Similarly we define the three-gluon vertex Γ 3 by
The vacuum wave functional has in principle to be found by solving the (functional) Schrödinger equation, which of course cannot be done rigorously in 3 + 1 dimensions.
1 Writing the square modulus of the vacuum wave functional as
Eq. (1) is formally equivalent to a Euclidean field theory described by an "action" S[A]. We can exploit this equivalence to derive Dyson-Schwinger-type equations, which allow us to relate the various n-point functions to the variational kernels of the vacuum wave functional, i.e. of the action S[A]. These equations are derived from the expectation values Eq. (1) of the canonical theory in a recursive way and will hence be referred to as canonical recursive Dyson-Schwinger equations (CRDSEs) To derive these equations we start from the functional identity
The "action" S[A] defines the trial ansatz for our vacuum wave functional. In Ref. [10] an ansatz of the form
was considered, where ω, γ 3 , and γ 4 are variational kernels to be determined by minimization of the vacuum energy. With this ansatz the CRDSEs derived from Eq. (7) resemble the usual DSEs of Landau gauge Yang-Mills theory in d = 3 dimensions with the bare vertices of the usual Yang-Mills action replaced by the variational kernels.
The CRDSEs are not equations of motion in the usual sense, but rather relations between the Green functions and the (so far undetermined) variational kernels. In fact, the CRDSEs are needed when non-Gaussian trial wave functionals are used in order to express the various correlation functions, and in particular the vacuum energy density, in terms of the variational kernels.
In Ref. [10] the CRDSEs were used to calculate the VEV of the Hamiltonian in the vacuum state defined by Eqs. (6) and (8) , resulting in an energy functional
By using a skeleton expansion, the vacuum energy can be expanded at the desired order of loops. In Ref.
[10] the vacuum energy was calculated up to two-loop order. Extremizing the vacuum energy density with respect to γ 3 and γ 4 results in the following equations for the three-and four-gluon variational kernels [10] :
and
where Ω(k) is the gluon energy defined by the static gluon propagator
being the transverse projector. In the equation for the four-gluon variational kernel the Coulomb interaction kernel F (k) appears, which is given in Eq. (14) below. Furthermore
denote the tensor structures of the three-and four-gluon couplings occurring in the Yang-Mills Hamiltonian. The four-gluon kernel Eq. (10) is schematically illustrated in Fig. 1 . The variational equation for the two-gluon kernel ω can be combined with the CRDSE for the gluon propagator Ω, resulting in the so-called gap equation [3, 10] . Lattice data for the gluon propagator [9] can be well fitted by Gribov's formula
with an effective mass m A 880 MeV (for N c = 2). Alternatively, this can be expressed via the so-called Coulomb string tension as m The ghost propagator Eq. (4) is represented in momentum space as
where d(k) is the ghost form factor. Assuming the so-called horizon condition d −1 (0) = 0 and a bare ghost-gluon vertex one finds from the variational calculation a gluon propagator which is consistent with the Gribov formula Eq. (13) [4] and also a linearly rising non-Abelian Coulomb potential
which again is consistent with the lattice data. Here σ C is the Coulomb string tension, which is found on the lattice to be about two to three times larger than the Wilson string tension. For later use we also note that the ghost form factor d can be fitted by
Equations (13) and (15) constitute the input of our calculations. They also set the scale and we represent all results in units of the Coulomb string tension σ C . All calculations were done for SU (2) . The coupling g was set to 3.5. This corresponds to a renormalization point of µ = 2.4 √ σ C [4] .
III. CANONICAL RECURSIVE DYSON-SCHWINGER EQUATIONS FOR VERTEX FUNCTIONS
The CRDSEs for the vertices have been derived in Ref. [10] , to which we refer the reader for the details; here we give merely a short summary of the derivation and quote the relevant one-loop results.
A. Ghost-Gluon Vertex
The Faddeev-Popov operator Eq. (2) can be inverted to give the operator identity
In Eq. (16) represented diagrammatically in Fig. 3 . The two CRDSEs for the ghost-gluon vertex read schematically (trivial color factor f abc suppressed)
where the bare vertex Γ 0,i is given by
Furthermore, Σ Figs. 2 and 3 . For each version of the two CRDSEs the ellipses denote different diagrams neglected in our truncation, namely all two-loop diagrams (which only appear in the CRDSE with a three-gluon kernel) and diagrams with non-primitively divergent Green functions. At one-loop level these two equations differ by the leg attached to the bare vertex: the anti-ghost in Fig. 2 and the gluon in Fig. 3 . Furthermore, the full (dressed) three-gluon vertex of the second loop diagram in Fig. 2 is replaced in Fig. 3 by the variational kernel γ 3 . As we will see in the next subsection, at leading order the dressed three-gluon vertex is given by the variational kernel γ 3 , see Fig. 4 or Eq. (22) . In the numerical calculation we will solve the CRDSE for the ghost-gluon vertex given by Eq. (17) (Fig. 2) but replace the three-gluon vertex by the variational kernel γ 3 . The resulting CRDSE differs then from the one shown in Fig. 3 only by the leg attached to the bare vertex.
Due to the transversality of the gluon propagator, the colour and Lorentz structure of the full ghost-gluon vertex is the same as the bare one Eq. (19) . Hence there is only one relevant dressing function for the full ghost-gluon vertex, which can be chosen as
The arguments of the dressing function Dc cA (p, q; k) are the incoming three-momenta of the anti-ghost, the ghost and the gluon legs. Alternatively also the moduli of the anti-ghost and gluon momenta and the angle between them will be used: Dc cA (|p|, |k|, α). To obtain a scalar integral equation for the dressing function, the CRDSE (17) [or Eq. (18)] is contracted with the projector
This results in the following integral equation:
where the two contributions Σ Ab and Σ non-Ab (without Lorentz index) correspond to the projected diagrams Σ Ab i and Σ
non-Ab i
, respectively. The explicit expressions for the kernels are given in the Appendix. Although the projector Eq. (20) is ill-defined for p = ±k, the projected diagrams are free of kinematical singularities.
FIG. 4. CRDSE for the three-gluon vertex.

B. Three-Gluon Vertex
The CRDSE for the three-gluon vertex Γ 3 [Eq. (5)] is obtained from Eq. (7) by taking K[A] to be the product of two gauge fields. It reads [10] Γ (1, 2, 3) = γ(1, 2, 3 ) − 2 Γ 0 (1; 4, 5) G(4 , 4) G(5, 5 ) G(6 , 6) Γ(2; 6, 4 ) Γ(3; 5 , 6 )
and is represented in Fig. 4 . In Ref. [10] this equation has been studied at leading infrared (IR) order, i.e. only the ghost triangle was considered. In this work we will consider also the gluonic contributions given by the gluon triangle and the three swordfish diagrams. The full four-gluon vertex will be replaced by the variational kernel, and the r.h.s. of Fig. 4 will be properly Bose-symmetrized in the three gluon legs. Writing out explicitly the Lorentz indices and the momentum variables but suppressing a trivial color factor f abc the CRDSE of the three-gluon vertex reads schematically
where each term represents a diagram of Fig. 4 . The variational kernel γ 3 is given by Eqs. (9) and (11) . The ellipses represent diagrams neglected within the present truncation, namely two-loop terms and a diagram containing the ghost-gluon four-point function. For the full three-gluon vertex we will assume the same Lorentz structure as for the bare one
Other dressing functions do exist, but it was shown in the case of the Landau gauge by direct calculation [12] and by comparison with lattice results [13] that they are very small. This motivates the use of the same approximation here. The arguments of the dressing function D A 3 (p, q, k) are the incoming three-momenta. Also here the moduli of the first two momenta and the angle between them will be used as well: D A 3 (|p|, |q|, α). To obtain a scalar integral equation for the dressing function we contract the CRDSE (22) with the following projector
On the left-hand side of the CRDSE (23) we get then
On the right-hand side the term from the variational kernel becomes just 1 (i.e. a momentum independent constant). This is important to handle the divergences on the right-hand side, because now a simple momentum subtraction can
where Σ(p, q, k) denotes the sum of all projected integrals with the γ-dependent part from the projection factored out. The renormalization condition is chosen as D A 3 (p 0 , p 0 , 2π/3) = γ 3 (p 0 , p 0 , 2π/3) = 2/3Ω(p 0 ). The result for the three-gluon vertex dressing reads then:
where Σ sub,proj is given by Eq. (26) . In our numerical calculations we used p 0 = 600 √ σ C . The full three-gluon vertex is totally symmetric with respect to a permutation of the external gluon legs. The r.h.s. of the CRDSE (22) and the corresponding diagrams in Fig. 4 do not respect this symmetry due to the truncation. We restore this symmetry by averaging the final integral equation over inequivalent permutations of the external gluon legs, resulting in
Due to this symmetrization the two swordfish diagrams with variational four-gluon vertices kernels can be subsumed (diagrams five and six in Fig. 4) . To alleviate the algebraic manipulations performed before creating the kernel files for the numeric code, the expression Eq. (10) is split into three parts:
From the IR behaviour of the gluon energy Ω [Eq. (13) [Eq. (31)] of the four-gluon kernel behaves quantitatively like p −5 for p → 0. This is the same degree of IR divergence as expected from the analysis of the ghost box of the four-gluon vertex DSE [14] . As a consequence, the swordfish diagrams containing both the variational four-gluon kernel and one full three-gluon vertex [last two terms on the r.h.s. of Eq. (22) Fig. 4 ]. This comes somewhat unexpected as typically ghost dominance is manifest.
In Ref.
[10] the three-gluon vertex was calculated in the symmetric momentum configuration, for which k
and k i · k j = −p 2 /3, i = j, and γ
holds. This considerably simplifies the variational fourgluon kernel. Here, however, we will resolve the full momentum dependence of the three-gluon vertex. Due to the quite involved expression for the variational four-gluon kernel the derivation of the final integral kernels becomes very cumbersome and more complicated than in the Landau gauge. Thus the use of a computer algebra system is almost unavoidable and we used the Mathematica [15] package DoFun for this task [16, 17] .
IV. NUMERICAL RESULTS
The calculation of the vertices was performed with up to 40 points for the external momenta and 18 for the external angle. For the numerical integration, the integration regions were split explicitly at the points where the denominators of the integrand possess zeros [18] . Calculations were done with up to 70+70+70 points for the radial and 35+35 points for each angular variable. A simple fixed-point iteration was used. The cut-off independence was explicitly confirmed by varying the cut-off by a factor of 10. The external grid extends up to 1/10 of the cut-off. For larger momenta the value at the boundary of the grid was used. Although the vertices have an anomalous UV dimension, this does not influence the results as we confirmed for the ghost-gluon vertex by comparing the results from different grid sizes. All calculations were performed with the CrasyDSE framework [19] .
A. Ghost-Gluon Vertex Figure 5 shows the dressing function of the ghost-gluon vertex as function of the modulus of the two external momenta for a fixed angle of roughly 2π/3. The two panels show the dressing function of the ghost-gluon vertex obtained from the CRDSE (17) [Fig. 2] and Eq. (18) [Fig. 3 ], respectively. In general the differences are small and largest for the ridge with constant gluon momentum. A detailed comparison of the results from the two different ghost-gluon vertex CRDSEs is shown in Fig. 6 for specific momentum configurations. Figure 7 shows the ghost-gluon vertex dressing function for equal momenta and different angles. There is only a slight dependence on the angle between the momenta. The selected values of the angle contain the two extreme points of parallel and anti-parallel momenta (cos(α) = −1 and 1) and the symmetric point (cos(α) = −0.5). A comparison with lattice data from Landau gauge [20] in three dimensions is shown in Fig. 8 . Qualitatively, the bump in the mid-momentum regime is reproduced. However, quantitative agreement is not achieved. Most notably, the UV regime is different. In Coulomb gauge the vertex possesses an anomalous dimension. In three-dimensional Landau gauge, on the other hand, it approaches the tree-level very quickly, because the gauge coupling is dimensionful in three dimensions and thus the vertex dressing must be suppressed as 1/p in the UV. Lattice calculations [20] and semi-perturbative DSE calculations [21] indeed show this behaviour. At small momenta the lattice results drop back to 1, while our results settle at a higher value. This presumably reflects the two different type of solutions realized in Landau and Coulomb gauge, respectively. Lattice calculations support the decoupling solution in Landau gauge [22] [23] [24] [25] [26] but the scaling solution in Coulomb gauge [9] . Thus it might not be appropriate to compare the results obtained from the CRDSEs in Coulomb gauge with the lattice data for the Landau gauge. The propagators of the two types of solutions differ mainly in the IR [27] and the same is expected for the corresponding ghost-gluon vertices as analogous investigations in Landau gauge show [28] : The ghost-gluon vertex approaches the tree-level vertex for the decoupling solution but receives a (finite) IR enhancement for the scaling solution. This explains the difference between our results and lattice data in the IR.
In general, the results obtained for the ghost-gluon vertex are in accord with previous investigations. For example, as anticipated for a scaling-type solution the ghost-gluon vertex stays finite in the IR [14, 29] . Also, it does not develop kinematic singularities in agreement with an IR analysis in three dimensions [30] . Furthermore, the presently obtained dressing function of the ghost-gluon vertex has qualitatively the same behavior as the one obtained in a semi-perturbative calculation [29] using full propagators (as in the present approach) but bare ghost-gluon vertices in the loop diagrams of the CRDSEs. In Fig. 9 we compare the results of our full calculation with those of the semi-perturbative calculation of Ref. [29] . While the non-Abelian diagram, which contains one dressed ghost-gluon vertex, is not so much affected, the Abelian diagram gets much more enhanced in the mid-momentum and IR regimes by using dressed vertices.
B. Three-Gluon Vertex
The dependence of the form factor of the three-gluon vertex on the magnitude of the external momenta is shown in Fig. 10 for a fixed angle α [see the comment after Eq. (24)] of roughly 2π/3. The angle dependence of the dressing function is shown in Fig. 11 . The selected values of the angle contain the two extreme points of parallel and anti-parallel momenta (cos(α) = −1 and 1) and the symmetric point (cos(α) = −0.5).
A comparison between the full calculation and various approximative calculations is shown in Fig. 12 . The roughest approximation considered includes only the ghost triangle diagram. We also show the result of the calculation where all triangle diagrams were included. As can be seen it makes little difference to take all triangle diagrams or only the ghost triangle. However, a comparison with the full calculation clearly shows that neglecting the swordfish diagrams completely is too drastic an approximation. Quite surprisingly, the calculation with a simplified four-gluon kernel, where the contribution γ [Eq. (31)] which contains the Coulomb propagator is neglected, can indeed reproduce the results from the full calculation rather well. This is somewhat unexpected since, as mentioned in Sec. III B, the term γ [Eq. (31)] of the four-gluon kernel diverges like p −5 for small momenta. As a consequence, the swordfish diagram with a full three-gluon vertex diverges in the IR with the same power as the ghost triangle. This is a peculiarity of Coulomb gauge, which has no analogon in Landau gauge. We have verified this explicitly and show a direct comparison in Fig. 13 . As can be seen, both diagrams (ghost triangle and the swordfish diagram with γ (25)]. Within the current truncation scheme, the magnitude of the IR dominant part of the swordfish contribution is roughly 8% of the ghost triangle; however, the sign is opposite. As illustrated in Fig. 12 , neglecting this contribution leads to very small deviations. Numerically, however, this contribution is one reason why, compared to similar calculations in the Landau gauge [13, 28] , a higher precision is required here. Taking into account the sum of the gluon energies in Eq. (27) and the tensor structure T 3 in Eq. (24) , the overall IR exponent of the full three-gluon vertex is −3, in agreement with the results obtained in Refs. [10, 14] .
In the results presented so far for the three-gluon vertex we have used a bare ghost-gluon vertex. We have also solved the CRDSE (28) for the three-gluon vertex using the dressed ghost-gluon vertex obtained in Sec. IV A. The resulting dressing function is shown in Fig. 14 and compared to that obtained with a bare ghost-gluon vertex. As can be seen the difference is rather small. Both curves differ mainly in the IR, where the coefficient of the power law is different. Also, the positions of the zeros of the dressing functions differ. 
Comparison of the full non-perturbative calculation carried out in the present paper with the semi-perturbative calculation [29] of the ghost-gluon vertex. Left: Dressing function of the ghost-gluon vertex. Right: Contributions from the Abelian and non-Abelian diagrams. The values for the non-Abelian diagram are larger than those in Fig. 2 of Ref. [29] , where the coupling constant g was factored out.
FIG. 10.
Left: Dressing of the three-gluon vertex. Right: The ratio of three-gluon vertex to the variational kernel. The deviation from Bose symmetry at the boundaries is a numerical artifact due to the smallness of γ3 which enhances small numerical errors considerably.
V. SUMMARY
We have numerically solved the CRDSEs for the ghost-gluon and three-gluon vertices self-consistently in a one-loop truncation using the ghost and gluon propagators obtained previously with bare vertices as input. The ghost-gluon vertex is somewhat infrared enhanced (but finite) and drops gently with increasing momentum. It also shows little dependence on the angle between two momenta. Contrary to this, the dressing function of the three-gluon vertex is strongly infrared enhanced, in agreement with previous analytic analyses. The Coulomb propagator enters the CRDSE for the three-gluon vertex through the four-gluon kernel: while its contribution in the IR has the same power as the ghost loop, numerically it turns out to be almost negligible. At higher momenta the gluon loop diagrams become important and dominate the quantitative behavior. Furthermore, our numerical results show that in the calculation of the three-gluon vertex the dressing of the ghost-gluon vertex can be ignored to good approximation. The vertex dressings obtained in the present paper will serve as input in forthcoming studies within the variational approach to QCD in Coulomb gauge. where ϕ is the angle between p and k and the integration angles are θ 1 and θ 2 .
The self-energies of the ghost-gluon vertex, see Eq. (21) , are given by
cA (x, ω; −2v + ω + x])Dc cA (2s + ω + z, 2u + x + z; −2v + ω + x) 4ω(−2v + ω + x)(−u 2 + xy)(2s + ω + z)Ω(−2v + ω + x) ,
cA (x, −2v + ω + x; ω)Dc cA (−2v + w + x, 2u + x + z; 2s + w + z) 2ω(−2v + ω + x)(−u 2 + xy)Ω(ω)Ω(2s + ω + z)(Ω(ω) + Ω(z) + Ω(2s + ω + z)) .
for the equation with the gluon leg attached to the variational kernel [Eq. (17) ] and
4ω(−2v + ω + x)(−u 2 + xy)(2s + ω + z)Ω(x + ω − 2v) , 
